3d Chern-Simons gauge theory has a strong connection with 2d conformal field theory and, especially, link invariants in knot theory. On this conventional correspondence, 2d CFT possesses the same gauge symmetry as original CS theory does. In this paper we impose some constraints on the D(2|1; α) CS gauge theory in the similar context of the hamiltonian reduction of 2d superconformal algebras, and speculate a new correspondence between D(2|1; α) CS gauge theory and large N = 4 SCFT. There the Hilbert states in D(2|1; α) CS gauge theory turn out to be identified with characters of the N = 4 SCFT by the analysis of their transformation properties.
Introduction
Decade before, a great deal of insights on 2d-3d correspondence was exposed by Witten [1] . In his celebrated paper, it is indicated that there is a certain relation between 2-dimensional rational conformal field theory (2d RCFT) and 3-dimensional Chern-Simons gauge theory (3d CSGT). This correspondence, called Chern-Simons-Witten theory (CSW), makes it possible to create not only topological invariants as a set of Jones polynomials, also new link invariants of knot theory [2] . This means the possibility of creating them from field theory and promotes large amount of studies on this subject [3, 4, 5, 6, 7] .
Most of these works have not dealt with 2d superconformal field theories (SCFT's) and applications on them, which recently developed by Ennes et al. [6] . Here we perform the formulation of D(2|1; α) CSGT and make the connection with 2d large N = 4 SCFT, using the idea of hamiltonian reduction technique (HR method) [8, 9] .
1+1-dimensional N = 4 SCFT's were shown to be good tools for describing a low energy structure of IIB string theory compactified on K3 to six spacetime dimensions. It has been conjectured by Witten et al. and confirmed in the system of D1 + D5 brane configurations [10] . In addition, part of our motivation is supported by the recent studies of AdS d+1 /CF T d correspondence on string theory [11] . In 3-dimensional case there is such a correspondence on AdS 3 string theory background, as CSW theory describes, then the Lie superalgebra-valued CSGT leads us to construct of the boundary SCFT through the hamiltonian reduction method.
Anti-holomorphic quantization procedure of CSGT has been applied to the osp(1|2) case and leads to the N = 1 SCFT [6] , but has not been done yet to the N > 1 SCFT. In this paper, we are going to extend this formalism to the platform with one of the classified Lie superalgebras D(2|1; α). Finally we intend to show the explicit correspondence between 2d large N = 4 SCFT and 3d Lie superalgebra-valued Chern-Simons gauge theory(CSGT) in the context of HR method. We can give the basic background to open the door for explicit investigation by this CSW formalism and consider their possibilities for future applications. This formulation can be also applied to the other Lie superalgebras [12] .
Anti-holomorphic quantization of CSGT
With an invariant bilinear form, ( , ) 2 , defined in sect.3, we can write the action of D(2|1; α) CSGT as
where A is a D(2|1; α)-valued one form over an arbitrary three-dimensional M.
[ , ] is a Z 2 -graded commutator defined on the superalgebra D(2|1; α). The variation of this action leads to the Gauss law constraint
When M has a boundary, some 2-dimensional CFT is realized on it, but this is not our case.
There are two ways of formulations 3 through quantization procedures on 2d Riemann surface Σ, which appears by cutting M in our case. One way is that: first the constraints due to the gauge invariance are imposed, then quantization of the reduced phase space produces a projectively flat vector bundle over the moduli space of complex structures of Σ [3] . The other is called anti-holomorphic quantization procedure.
We construct quantum mechanical wave functionals, then impose gauge constraints on the unconstrained wave functionals [4, 5] . As we know, CSW theory arises in the identification of conformal blocks of 2d RCFT defined on Σ, with Hilbert states of 3d CSGT on M. It is better to take the latter quantization scheme for our purpose, which enables us instantly to recognize SCFT characters, generating functionals for 2d current correlator blocks, as CSGT Hilbert states. Let M to be a manifold without boundary and cut it by 2-dimensional Riemann surface Σ of genus g, then we get two 3-dimensional manifold, M 1 ,M 2 (Fig.1 ). Each three-manifold has a boundary corresponding to the cut and each boundary can be identified via homeomorphisms. Taking M locally to be R × Σ, we set R to be time-axis and impose the time-axial gauge A t = 0. In this set-up, we can canonically quantize the CSGT, introducing an appropriate complex structure on Σ. It complexifies the gauge group and sets
where g ab is a metric on group manifold constructed from the bilinear form, [ , ] is also Z 2 -graded one. This canonical commutation relation induces a condition A z = A † z . We follow the anti-holomorphic quantization procedure developed by Labastida [5] . Let us assume that the states of Hilbert space Φ(Az), Φ(A z ) on Σ are spanned by holomorphic and anti-holomorphic functions in terms of Az, A z (≡ Az). Then anti-holomorphic quantization is accomplished by introducing an inner product on the functional space,
Wilson line operators provide natural framework of this topological quantum field theory, as gauge invariant observables. These operators are gathered into the usual Feynman path integral expression and have vacuum expectation value. In the anti-holomorphic quantization we represent these vev's as inner products on the unconstrained Hilbert space, and impose the Gauss constraint on the states and gauge invariance on the inner product as physical conditions. Finally it can be confirmed that the corresponding conformal blocks of the SCFT satisfy these conditions.
Conventions of the Basic Lie Superalgebra D(2|1; α)
We are now in a position to fix the conventions of gauge field A as an element of the superalgebra(SA) D(2|1; α). Elements parameterizing the gauge field are defined by the use of root and weight system, and
Cartan matrices of the algebra. The classical Lie superalgebra G ≡ D(2|1; α) has rank G = 3 and dual Coxeter number h ∨ = 0. By definition, G is decomposed into two parts up to Z 2 -grading, G = G 0 ⊕ G 1 . The even subalgebra G 0 is a Lie algebra G 0 = A 1 ⊕ A 1 ⊕ A 1 and, as for the odd one, G 0 -modulo G 1 is written by Simple roots are chosen to be α (1) , α (2) , α (3) , and their inner products are given by
where γ ≡ α 1−α (γ = 0, 1). The positive even roots, conventionally denoted by ∆ + 0 , are mutually orthogonal
With these roots, we can set the even part of this algebra to be su(2) + ⊕ su(2) − ⊕ su(2) θ . su(2) θ will be constrained later in the context of hamiltonian reduction.
Canonical basis of G is given by {E α , e β , h i } where G 0 and G 1 are generated by {E α , h i } and {e β }, respectively. Their commutation relations are constructed as
where
On D(2|1; α), there is a natural degenerate, zero-Killing form induced from supertrace. But we have another non-degenerate invariant bilinear form on D(2|1; α). In the latter case, Killing form is defined as
This Killing form ( , ) on G makes us identify the dual space G ∨ of G with G itself and induces improved inner product on the root space, ( α i , α i ) = 2/α 2 i . Now we can express an element of the algebra in terms of canonical basis,
Infinitesimal gauge transformation of the D(2|1; α) current J is written down by
If we impose holomorphy on this current, central extension of G is realized so that coajoint action on its dual space provide the above gauge transformation [9] .
Determination of the Hilbert States in D(2|1; α) CSGT
In eq.(3) we define the inner product on Hilbert space of D(2|1; α) CSGT. The transition from this unconstrained Hilbert space to the physical one is obtained by imposing the spatial gauge invariance on Σ. This physical space satisfies the Gauss law constraint automatically. This is done in two steps. First a subspace of wave functionals is selected by the requirement that inner product be totally gauge invariant, which can generate different constraints on the Hilbert states. Then this vector space is endowed with the inner product by restricting the A-integration to a subspace intersecting every gauge orbit once.
When M 1 (, M 2 ) is a solid ball (i.e. Σ = S 2 ), there is no new constraint on the Hilbert space except for Gauss law constraint. Thus, this case cannot contain so much information on the Hilbert space that establishes connections with SCFT [5] . In the following, we consider a genus-1 handlebody case as in [5] , that is, M 1 (, M 2 ) is a solid torus and Σ = T 2 .
Flat connection admits the following parameterizations of the gauge fields on Σ = T 2 ,
where u is a single-valued map: Σ → G C , and u a contains non-trivial global information associated with the fundamental group on Σ [14] ,
The space of the one-forms over M allows the Hodge parameterization where the (anti-)holomorphic oneform ω(z)(ω(z)) is taken to be α ω = 1, β ω = τ, and ω ∧ ω = Im τ . α is a contractable homology cycle in the solid torus and β is a non-contractable one. "a" is a 3-dimensional vector living in the root space, This gives rise to the famous chiral anomaly [14, 15] Det At this stage, we refer to the hamiltonian reduction and apply to our case. The hamiltonian reduction of the basic classical Lie SA's is performed by imposing constraint on lowering (or raising) current of A 1 , which is involved in the (semi-)simple components of the even part. While the constraint is retained along the whole gauge orbit, gauge transformations lead to a Poisson bracket structure and operator product expansion (OPE) relations of superconformal algebra(SCA).
In our case, constraint is imposed on one of the su(2) θ current written in eq. (7),
This constraint on the gauge orbit along the current J −θ can be translated into constraints of the gauge parameters in eq.(8), extracted from the gauge transformation of J −θ .
However, with these constraints, there is still left the following gauge group N (equal to su(2) + ⊕su(2) − ⊕n 1 ). n 1 is generated by
We are now pursuing the su(2) + ⊕su(2) − gauge symmetry, thus this residual gauge group must be subtracted from the functional integral eq.(3). Later we will reconsider this point. With an appropriate gauge fixing procedure for this residual one, for example, Drinfeld-Sokolov gauge [16] , one may obtain the complete OPE relations isomorphic to the non-linear large N = 4 SCA in two dimensions [17] .
Now, it is clear how to impose HR constraints on the inner product of Hilbert states. Let us realize
Eq.(10) as delta functions of HR constraints and plug them into the integrand in eq.(3). Then it restricts the gauge transformations to fix the properties of Hilbert states. Gauge transformations of the gauge fields A are represented as
The HR method restricts the gauge group element g expressed by the exponential map of generators,
G is set to be su(2) + ⊕ su(2) − . Note that Λ contains the contribution from n 1 . We apply this expression to all the gauge transformations.
Eq.(11) can be rewritten merely in terms of the u-parameter transformation, called type (i) transformation in [5] ,
Type(i) and gauge invariance of the integrand lead to the next transformation properties,
( Az , Az ) e k(2Γ(g)+ uau,g + uau,g ) ,
where Γ(g) denotes WZW-action and u, g is given by
Thus, wave functional Φ(Az) is expected to be decomposed into the following parts
where κ is an appropriate normalization constant, and Λ(u a ) is used for Hilbert space to be orthonormal.
On the other hand, the gauge field A is invariant under the next transformation (ii)
whereĝ is a map :Σ →[Maximal torus of the group], parameterized bŷ
(n, m ∈ Λ R ) "Λ R " denotes root lattice spanned by the simple roots {α (i) }, and a point on the root lattice is described
As is seen in eq.(12), since coefficient of the h θ has to vanish in the power of exponential, we may put n α θ and θ-components of odd roots be zero. With the expression n + mτ = i=1,+,− (n i + m i τ )α (i) , it turns into n + mτ = i=+,− {(n i − 1 2 n i 1 ) + τ (m i − 1 2 m i 1 )}α (i) , where (n + 1 , n − 1 ), (m + 1 , m − 1 ) = {(−2, 0), (0, −2), (±1, ±1), (0, 0), (±1, ∓1), (2, 0), (0, 2)}. It gives the next variation for the field Ψ k (u a ).
When n i 1 = m i 1 = 0, we obtain one of the most general solutions of above two equations as any linear combination of the functions
where Θ k,p (τ, a) are the su(2)-theta functions of level k and p ∈ Λ W /kΛ R , Λ W and Λ R being the weight and root lattice of su (2), respectively.
These solutions satisfy the Gauss law constraint (eq.(2)).
We can take a Weyl anti-symmetrized combination of the theta functions, in eq. (14) . It, together with an appropriate Λ(u a ), will provide two orthogonal su(2) parts of the large N = 4 characters revealed by
Petersen et al. [18] . Here we establish the new correspondence between the Hilbert states and a part of the large N = 4 SCFT character, using HR constraints in eq.(10). This procedure will end with the complete redefinition of the inner product.
Summary
Substituting eq.(13), eq.(9) into eq.(3), HR constrained inner product is thus obtained, The determinant at u = const. means a kind of gauge fixing. u = 1 gauge will be trivial one, leaving only Cartan generators in parameter space, and leads to an effective quantum mechanical construction. On the other hand, complete construction along the HR method of 2d SCFT is acquired by choosing an appropriate gauge including this constant u, although gauge fixing procedure has not been accomplished in detail through this paper. Normalization must be also discussed in getting the effective construction.
If we clarify the contribution of the odd part in Λ R , requirement of the modular invariance on this inner product will establish the entire identification of the characters and the Hilbert states. Then the Wilson line operators construct the braiding and fusion matrices on SCFT and provide new link invariants on M. Also this procedure will be applicable to the small N = 4 SCFT case. These will be discussed elsewhere [12] .
